Abstract. Let R be a Noetherian ring and let C be a semidualizing R-module. In this paper, we are concerned with the tensor and torsion product of C-injective modules.
In this paper, we generalize the main results of [5] , and characterize dualizing modules in terms of the torsion product of C-injective modules (See Definition 2.4). Note that if C is dualizing, then E(C) = S −1 C ∼ = C ⊗ R S −1 R is C-flat. Hence we consider those semidualizing R-modules C, whose injective hulls are C-flat. We prove that E(C) is C-flat if and only if the tensor product of any two C-injective R-modules is C-injective. Next we characterize dualizing modules as follows: C is pointwise dualizing if and only if the torsion product of any two C-injective R-modules is C-injective.
preliminaries
In this section, we recall some definitions and facts which are needed throughout this paper.
Definition 2.1. Let X be a class of R-modules and M an R-module. An X -resolution of M is a complex of R-modules in X of the form
such that H 0 (X) ∼ = M and H n (X) = 0 for all n ≥ 1. Also the X -projectivedimension of M is the quantity X -pd R (M ) := inf{sup{n ≥ 0|X n = 0} | X is an X -resolution of M } .
So that in particular X -pd R (0) = −∞. The modules of X -projective dimension zero are precisely the non-zero modules in X . The terms of X -coresolution and X -id are defined dually.
The following remark will be useful in the proof of our main theorems. For the proof, see
[5, Theorems 3.2.12 and 3.2.14].
Remark 2.2. Let S be an R-algebra. Let M be an R-module and let N and L be S-modules. The Hom-evaluation homomorphism,
given by θ LN M (l⊗ψ)(ϕ) = ψ(ϕ(l)) where l ∈ L, ψ ∈ Hom R (N, M ) and ϕ ∈ Hom S (L, N ),
is an isomorphism in either of the following conditions:
(i) L is finitely generated and projective.
(ii) L is finitely generated, and M is injective.
Also the tensor-evaluation homomorphism,
given by ω LN M (ψ ⊗ m)(l) = ψ(l) ⊗ m where l ∈ L, m ∈ M and ψ ∈ Hom S (L, N ), is an isomorphism in either of the following conditions:
(ii) L is finitely generated, and M is flat.
Definition 2.3.
A finitely generated R-module C is semidualizing if it satisfies the following conditions:
For example a finitely generated projective R-module of rank 1 is semidualizing. If R is Cohen-Macaulay, then an R-module D is dualizing if it is semidualizing and that id R (D) < ∞ . For example the canonical module of a Cohen-Macaulay local ring, if exists, is dualizing.
Definition 2.4. Following [10] , let C be a semidualizing R-module. We set F C (R) = the subcategory of R-modules C ⊗ R F where F is a flat R-module.
I C (R) = the subcategory of R-modules Hom R (C, I) where I is an injective R-module.
Modules in F C (R) (resp. I C (R)) are called C-f lat (resp. C-injective). We use the notation
complex X of R-modules such that (i) X is exact and X ⊗ R I is exact for each I ∈ I C (R), and that
(ii) X i ∈ F C (R) for all i < 0 and X i is flat for all i ≥ 0.
. All flat R-modules and all R-modules in F C (R) are G C -flat.
In the rest of this section, we collect the basic properties of (semi)dualizing modules and related homological dimensions.
Proposition 2.5. Let C be a semidualizing R-module. Then we have the following:
(i) Supp (C) = Spec (R), dim C = dim R and Ass (C) = Ass (R).
(ii) If R is local, then C is indecomposable.
(iii) If x ∈ R is R-regular, then C/xC is a semidualizing R/xR-module .
(iv) depth R (C) = depth (R).
(v) If R → S is a flat ring homomorphism, then C ⊗ R S is a semidualizing S-module. Proposition 2.6. Let C be a semidualizing R-module, M an R-module and E be an injective R-module.
Also the equality holds if S is a faithfully flat R-module .
Proof. For (i), use the Hom-tensor adjointness isomorphism. For (ii), use the Homevaluation isomorphism and the fact that Hom R (I, E) is flat whenever I is injective.
For (iii), observe that if F (resp. E) is a flat (resp. an injective) R-module, then F ⊗ R S (resp. E ⊗ R S) is a flat (resp. an injective) S-module.
Proposition 2.7. Let C be a semidualizing R-module, M an R-module and x ∈ R is R-regular.
Proof. Is straightforward.
Proposition 2.8. Let (R, m) be a local ring and let C be a semidualizing R-module.
(i) C is a dualizing R-module if and only if C ⊗ R R is a dualizing R-module .
(ii) Let x ∈ m be R-regular. Then C is a dualizing R-module if and only if C/xC is a dualizing R/xR-module.
Proof. Just use the definition of dualizing modules. Theorem 2.9. Let C be a semidualizing R-module and let M be an R-module.
Proof. For (i), see [14, Theorem 2.11] and for (ii), see [15, Proposition 5.2] . Definition 2.10. An R-module M is called a (C, p)-injective R-module, if it is isomorphic to an R-module of the form Hom R (C, E(R/p)), where p is a prime ideal of R.
It is well-known that over a Noetherian ring, any injective module is isomorphic to a direct sum of indecomposable injective modules. It follows that, if R is Noetherian, then any C-injective R-module M is isomorphic to a direct sum of (C, p)-injective R-modules where p ∈ Ass R (M ). Note that, in this case, any direct sum of C-injective R-modules is again C-injective.
Remark 2.11. Let M be a finitely generated R-module. There are isomorphisms
where the the first isomorphism holds because E(R/p) ∼ = E Rp (R p /pR p ), and the second isomorphism is tensor-evaluation. In particular, Hom
main results
Throughout this section, C is a semidualizing R-module. We begin with two lemmas. Then one checks easily that Hom R (C, E(R/m)) is quasidualizing. Now by lemma 3.1, we
Proof. First assume that C p is an injective R p -module. Then we have dim (R p ) = dim Rp (C p ) = 0 and hence R p is Artinian. Now lemma 3.1 shows that M ⊗ R M = 0.
Next we can write
shows that C p is semidualizing for R p and then by Proposition 2.5(ii) we must have µ 0 (p, C) = 1, that is,
. By Remark 2.11, we have the R p -module isomorphisms
and the later is a flat R-module. Therefor using the tensor-evaluation isomorphism, we have the following isomorphisms
and the later module is C-injective. Conversely, assume that M ⊗ R M is a non-zero C-
jective R-module by Theorem 2.9(i). On the other hand, by Remark 2.11,
is an Artinian R p -module. Therefore M ⊗ R M is of finite length by [13, Corollary 7.4] . Thus using the tensor-evaluation isomorphism, one can see that E(R/p) ⊗ R Hom R (C, E(R/p)) is a finite length injective R p -module and so
is a finite length flat R p -module. It follows that dim (R p ) = 0 and then R p = R p is Artinian. Therefore, we can replace R by R p and assume that (R, m) is an Artinian local ring.
We want to show that C is an injective R-module. Set (−) ∨ = Hom R (−, E(R/m)). Let n be a positive integer for which m n = 0 and m n−1 = 0. The freeness of Hom R (C ∨ , R)
Hence θ is onto and so is split, from which we conclude that R is a direct summand of C ∨ . Write C ∨ = R ⊕ K. Taking Matlis dual, yields 
(ii) C-fd R (E(C)) < ∞.
(iii) C p is an injective R p -module for all p ∈ Ass R (C).
(vii) S −1 C is an injective R-module, where S = Nzd R (C).
Proof. (i)=⇒(ii). Is evident.
(ii)=⇒(iii). We can write E(C) = ⊕ p∈Ass R (C) E(R/p) µ 0 (p,C) . Now, in view of Theorem 2.9(ii), we have fd R (Hom R (C, E(C)) < ∞, and thus
for all p ∈ Ass R (C). Hence id Rp (C p ) < ∞, and so we have id Rp (C p ) = depth (R p ) = 0 by [4, Corollary 9.2.17]. Therefore C p is an injective R p -module for all p ∈ Ass R (C).
(i)=⇒(vi). Let N and N ′ be C-injective R-modules. Let p and q be two distinct prime ideals of R. Then either p q or q p . Suppose that p q. Set M = Hom R (C, E(R/p)) and N = Hom R (C, E(R/q)). Then we have
since E(R/q) p = 0. Next we prove that if p / ∈ Ass R (C), then
Note that the Hom-evaluation isomorphism in conjunction with Proposition 2.5(vi), imply that this module is zero if and only if E(R/p) ⊗ R E(R/p) is zero. Therefore in view of Proposition 2.5(i), we need only to prove that if p / ∈ Ass R (R), then E(R/p) ⊗ R E(R/p) = 0.
We claim that if p / ∈ Ass (R), then there exists an element r ∈ p which is R-regular.
For otherwise, the prime avoidance theorem implies that p ⊆ q for some q ∈ Ass (R).
But as we have seen in (ii)=⇒(iii), in this case R q is an Artinian ring and then p = q ∈ Ass (R), which is impossible. Next observe that the exact sequence 0 → R r → R implies an epimorphism E(R/p) r → E(R/p) → 0, which is locally nilpotent. Now it is easy to see
it is enough to prove that Hom R (C, E(R/p)) ⊗ R Hom R (C, E(R/p)) is C-injective for all p ∈ Ass R (C). The assumption together with Theorem 2.9(ii), show that Hom R (C, E(R/p)) is flat for all p ∈ Ass R (C). Hence E(R/p) ⊗ R Hom R (C, E(R/p)) is injective and thus using the tensor-evaluation isomorphism, we see that
is C-injective. Finally, Since any direct sum of C-injective R-modules is C-injective, we
(vi)=⇒(iii). Let p ∈ Ass R (C). Then depth Rp (C p ) = 0 and hence Hom R (C, E(R/p)) ⊗ R Hom R (C, E(R/p)) is a non-zero C-injective R-module by lemma 3.1 and the assumption.
Thus C p is an injective R p -module by lemma 3.2 .
(iii)=⇒(vii). Note that Spec (S −1 R) = {qS −1 R | q ∈ Ass (R)}, and that R q is Artinian for all q ∈ Ass (R). It, therefore, follows that Supp
i ≥ 1 and all finitely generated S −1 R-modules T , since (S −1 C) qS −1 R ∼ = C q is an injective ((S −1 R) qS −1 R ∼ =)Rq-module. Thus S −1 C is an injective S −1 R-module, and so is an injective R-module.
(vii)=⇒(iv). Let M = C⊗ R F be a C-flat R-module. As F is a flat R-module, we can write
where F i is a finitely generated free R-module. Observe that E(C) = S −1 C, because C ֒→ S −1 C is essential and that S −1 C is an injective R-module by assumption.
Now it is easy to see that
(iv)=⇒(v). Let M be a G C -flat R-module. By definition, M can be embedded in a C-flat R-module, N say. Now E(M ) is a direct summand of E(N ), and hence is C-flat since E(N ) is C-flat by assumption.
(v)=⇒(i). Is trivial, since C itself is a G C -flat R-module.
Remark 3.4. Let M be a G C -flat R-module. As we have seen in Theorem 3.
On the other and, by the definition, M is a submodule of a Cflat R-module which implies that Ass R (M ) ⊆ Ass R (C). But Theorem 3.3 implies that
for any prime ideal p ∈ Ass R (C). Hence we have 
. is an injective resolution of C ⊗ R R as an R-module and R-module . Note that for each prime ideal p of R, the injective R-module E(R/p) ⊗ R R, is a direct sum of copies of E(R/p). On the other hand, one can use the Hom-evaluation isomorphism to see that if p = m, then
Moreover, if q is a prime ideal of R, with q ∩ R = m, then
Finally, by using the isomorphisms R ⊗ R E(k) ∼ = E(k), and Hom R (E(k), E(k)) ∼ = Hom R (E(k), E(k)), we have the desired isomorphism.
(
be the minimal injective resolution of C. By applying the functor Hom R (Hom R (C, E(k)), −),
we can compute Ext i R (Hom R (C, E(k)), C). But since Hom R (E(k), E(R/p)) = 0 for any prime p = m, one can use Hom-evaluation isomorphism to see that
Hence if we set
is just the i-th cohomology of the complex
Observe that µ 0 = 0 because m / ∈ Ass R (C). Note that by [4, Lemma 9.2.2], the complex
is the minimal injective resolution of C as an R-module. Thus application of the functor
for all i ≥ 0. But then using the Hom-evaluation isomorphism, and the fact that
we have the following isomorphisms
be the images and kernels of the boundary maps of the complex ( * ),
we have two exact sequences 0 = Tor
Consequently, B i ⊗ R R and Z i ⊗ R R can be identified with images and kernels of the complex ( * * ). Therefore we have the isomorphism (ii) for any p ∈ Spec (R), and any
(iii) For all C-injective R-modules N and N ′ , and all i ≥ 0, Tor
Proof. (i)=⇒(ii). Let p ∈ Spec (R), and M = Hom R (C, E(R/p)). In view of Remark 2.11, there is a natural R p -isomorphism Tor
for each i ≥ 0. Therefore, in order to establish the desired isomorphism, it is enough for us to show that,
Note also that C ⊗ R R is dualizing for R by Proposition 2.8(i). Now using lemma 3.5(i), we have
for all i = d, and that (ii)=⇒(iii). Any C-injective R-module M , is a direct sum of (C, p)-injective R-modules, where p runs over Ass R (M ). Now just note that if p, q are two distinct prime ideals of R, then in view of Remark 2.11, we have Tor R i (Hom R (C, E(R/p)), Hom R (C, E(R/q))) = 0 for all i ≥ 0, and that any direct sum of C-injective R-modules is C-injective. 
) is C-injective for all i ≥ 0. Therefore by Proposition 2.6(ii), the R-module
is C-flat. Hence in view of lemma 3.5(i) and Proposition 2.8(i), we can replace R by R and assume that R is a complete local ring. Assume that depth (R) = d, and that x := x 1 , . . . , x d is a maximal R-sequence in m. Then by Proposition 2.7(i) and Lemma 3.5(ii), we see that
, is a C/xC-flat R/xR-module. Therefore in view of Proposition 2.8(ii), we can replace R by R/xR and C by C/xC, and assume that depth (R) = 0. In this case, Lemma 3.1 yields
and the Matlis dual of the later R-module is Hom R (Hom R (C, E(k)), C), which is C-flat.
Hence it is C-injective by 2.6(i), and so C is dualizing by Lemma 3.2.
Remark. After preparing this paper and while we wanted to submit it to "arxiv", we observed the paper: a criterion for dualizing modules [3] , which it's main result is similar to the above theorem, but our proof is different. 
Our last result provides another characterization of dualizing modules. It is well-known that, a Noetherian ring R is Gorenstein if and only if µ i (p, R) = δ i,ht(p) (the Kronecker δ)
for all p ∈ Spec (R). The following easy lemma is assistance in the proof of Theorem 3.9.
Lemma 3.8. The followings are equivalent:
(i) C is pointwise dualizing.
(ii) C-fd R (E(R/m)) = ht (m) for any m ∈ Max (R).
(iii) C-fd R (E(R/m)) < ∞ for any m ∈ Max (R).
(iv) C-fd R (E(R/p)) = ht (p) for any p ∈ Spec (R).
(v) C-fd R (E(R/p)) < ∞ for any p ∈ Spec (R).
Proof. (i)=⇒(ii).
Assume that m ∈ Max (R). By Theorem 2.9(ii) and Remark 2.11, there are equalities
(ii)=⇒(iii). Is clear.
(iii)=⇒(i). We can assume that (R, m) is local. Now one can use Theorem 2.9(ii), to see
whence C is dualizing.
(i)=⇒(iv). Let p be a prime ideal of R. Note that E(R/p) q = 0 if and only if q ⊆ p. Now
(iv)=⇒(v). Is clear.
(v)=⇒(i). Again, we can assume that R is local. Now the proof is similar to that of (iii)=⇒(i).
Theorem 3.9. The following are equivalent:
(ii) An R-module M is C-flat if and only if µ i (p, M ) = 0 for all p ∈ Spec (R) whenever i = ht (p).
Proof. (i)=⇒(ii)
. First assume that M is C-flat. Set M = C ⊗ R F , where F is a flat R-module. Since C is pointwise dualizing, we have µ i (p, C) = 0 for all p ∈ Spec (R) with i = ht (p). Assume that
is the minimal injective resolution of C. By applying the exact functor − ⊗ R F to this resolution, we find an exact complex
which is an injective resolution for M . By [4, Theorem 3.3.12] the injective R-module E(R/p) ⊗ R F is a direct sum of copies of E(R/p) for each p ∈ Spec (R). Now since the minimal injective resolution of M is a direct summand of the complex (*), we get the result.
Conversely, suppose that M is an R-module such that µ i (p, M ) = 0 for all p ∈ Spec (R) whenever i = ht (p). In order to show that M is C-flat, it is enough to prove that M m is C Hence M is C-flat, as wanted.
(ii)=⇒(i) Note that C is a C-flat R-module. Hence by assumption, if m ∈ Max (R), then µ i (m, C) = 0 for all i > ht (m). Thus id Rm (C m ) < ∞, as wanted.
